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Abstract

This paper is an attempt to investigate boundedly rational choice theories
based on the structure of the choice axioms that these theories satisfy. We pro-
pose choice regularities to classify choice theories according to the syntactic struc-
ture of the underlying choice axioms. Based on choice regularities, we find the
class of choice theories rendering characterizations that are as simple as that of
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1 Introduction

Samuelson’s classical result (Samuelson (1938)) characterizes the rational choice
theory via a simple condition, the weak axiom of revealed preference (WARP). WARP
requires that if an alternative is chosen from a set of alternatives, then from each sub-
set of this set, the same alternative should be chosen whenever it is available. The
simplicity of WARP provides normative appeal and ease of identification from the
observables for rational choice theory. Recent and growing literature on boundedly
rational choice proposes plausible choice theories to accommodate choice behavior
that rational choice theory fails to explain. The richness of human choice behavior
calls for the classification of the choice theories based on the properties that these
theories satisfy. The commonly followed methodology is to characterize the choice
theories based on general principles called choice axioms. Although axiomatic char-
acterizations provide classifications of choice theories and bring observable content
to each choice theory, several questions remain untouched: Is it possible to analyze
the structure of a choice axiom in formal terms? Which boundedly rational choice the-
ories render characterizations that are as simple as WARP? How can we identify simple
behavioral differences that distinguish a choice theory from the others? This paper is an

attempt to answer these three questions.

In the classical revealed preference framework, the observable content of a deci-
sion maker’s choices is summarized by a choice function, which singles out an alterna-
tive from each choice set.! In this framework, a choice theory is a collection of choice
functions. For example, rational choice theory is the collection of choice functions
that can be represented as if maximizing a single preference relation. Similarly, a
choice axiom proposes a requirement to be satisfied by choice functions. That is, a
choice axiom is associated with the choice theory consisting of the choice functions

that satisfy the axiom. We use this association between choice axioms and choice

1A choice set is a subset of the grand alternative set with at least two alternatives. We read a = ¢(S)

as alternative a is chosen from the choice set S.



theories to explore the structure of choice axioms.

Several studies analyze the computational complexity of decision-making, which
measures the time or effort needed for the empirical refutation of a choice theory.?
Depending on the proposed measure, some of these studies favors boundedly ra-
tional choice theories, while others find the rational choice theory computationally
more tractable. Our aim in here is not to introduce a new computational complex-
ity measure, in contrast, we aim to introduce a descriptive measure for analyzing the
structure of choice axioms which paves the way for the axiomatic classification and

comparison of choice theories.?

A notion that would discipline the structure of a choice axiom should be both pre-
cise and permissive to accommodate the rich human choice behavior. From among
several plausible formalizations, we propose choice regularities to classify choice the-
ories according to the structure of the underlying choice axioms. We believe that the
justification for adopting choice regularities will reside in their implications for the
identification of choice theories. One of our aims in here is to illustrate the usefulness

of choice regularities by addressing the second and third questions that we pose.

For a given choice function ¢, a choice regularity is an “if ... then” formula. We
consider two specifications of these formulas: the free regularities and the universal
regularities. Throughout the paper, we use the generic term regularity whenever it
applies both for a free or universal regularity. In particular, a first order free regularity

is a formula of the form:
If ap = 0(51)7 then Ao = C(SQ)

for some pair of alternatives a;, a; and choice sets S}, S,. In general, a k'-order free

2As an incomplete list see Futia (1977), Johnson (2006), Apesteguia & Ballester (2010), Demuynck

(2010), Salant (2011), Mandler (2015). We discuss the relation to these studies in Section 3 and 5.
3A branch of computational complexity theory and of finite model theory, namely, descriptive complex-

ity theory investigates the relationship between the computational complexity and logic. We discuss

the relation in Section 2.



regularity (k-freg) is a formula of the form:
If a1 = ¢(S1) and ay = ¢(Ss) - -+ and ap = ¢(Sk), then apy1 = c(Sks1)
for a set of alternatives a,, . .., a;,; and choice sets Sy, ... Sy 1.

A choice theory is k'"-order free regular (k-fregular) if a collection of k'"-order free
regularities identifies the theory. That is, a choice function belongs to the theory if
and only if the choice function satisfies all of the listed k'"-order free regularities. For
example, choice axioms that are as simple as WARP are representable as first order
free regularities. To see this, recall that WARP requires if a = ¢(5;), then a = ¢(S5s)
for each alternative a and for each pair of choice sets S, S, such that S, is a subset
of S;. Since WARP is representable as a collection of first order free regularities, it is
a 1-fregular choice axiom. Equivalently, rational choice theory is a 1-fregular choice

theory.

A free regularity leaves the logical relationships between the variables of the for-
mula, namely the alternatives and the choice sets, unspecified. Therefore, a single
choice axiom, such as WARP, is represented as a collection of free regularities, in-
stead of a single one. Although this freedom brings generality for identifying choice
theories,® which is crucial for their classification, it lacks precision in capturing the
structure of a choice axiom. As to complement the analysis of free regularities, we
introduce and analyze universal regularities. A universal regularity is an “if ... then”
formula in which all the variables are universally quantified. That is, a universal reg-
ularity requires the “if . .. then” formula to be satisfied for each variable that appears
in the formula. To specify universal regularities we confine ourselves to three set of
variables, namely, alternatives, choice sets, and nested pairs of choice sets. A choice

theory is k'"-order universally regular (k-uregular) if a collection of k'"-order univer-

4The formulation of regularities is related to Mathematical Logic, in that a regularity can be repre-
sented as a formula in a properly defined language of propositional calculus. For the formal definitions

see Section 2. I am grateful to Ariel Rubinstein for pointing out the connection to Mathematical Logic.
>In this vein, in Proposition ?? we show that this freedom makes it possible to identify each choice

theory as a k-fregular theory for some k, and provide a uniform upper bound on k.
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sal regularities identifies the theory. Since all the variables in WARP are universally
quantified, WARP is a single 1-uregularity. Therefore, rational choice theory is also

l-uregular.

Next, we use the formalism of choice regularities to address the second question
that we pose in this paper: Which boundedly rational choice theories render char-
acterizations that are as simple as WARP? To answer this question, observing that
most of the boundedly rational choice theories share two common features, namely
they are neutral® and nest rational choice, in Proposition 1, we show that a neutral
choice theory that nests rational choice is 1-fregular if and only if the choice theory is
category wise rational. We also show that rational choice theory is the only 1-uregular

choice theory in this class.

To illustrate our category wise rationality, let us revisit Luce and Raiffa’s Dinner
(Luce & Raiffa (1957)) in which they choose chicken when the menu consists of steak
and chicken only, yet go for the steak when the menu consists of steak, chicken, and
frog’s legs. More generally, presence of a specific alternative a* (frog’s leg) signals
about the quality of the other items in the menu.” Consequently, the decision maker
categorizes the menus into two: those that contain «*, and those that do not. In the
former case he maximizes a preference relation >, and in the latter he maximizes

another preference relation »,.

In general, the primitive of a category wise rational choice theory is a categoriza-
tion P of the choice sets, which is a collection of categories {€2;};c; such that each
choice set is contained by at least one category in this collection, and for each i € I,
category Q; is closed under union, that is, if choice sets S and S’ are in 2;, then the

union of S and S’ is in €2;.% A choice function c is category wise rational with respect to

6A choice theory is neutral if for each choice function that belongs to the choice theory, any choice
function that exhibits the same choice behavior for a relabeling of the alternatives also belongs to the

given choice theory.
7Sen (1993) names this phenomenon as “epistemic value of the menu”.
8In psychology, categorization is also taken as a central concept for human decision making and



a categorization P of the choice space, if there is a collection of preference relations
{*i}iesr such that for each choice set S and i € I, if S belongs to category €2;, then

¢(S) is the =;-maximal alternative in 5.’

In choice theory literature, many studies provide axiomatic characterizations of
choice theories. A basic problem that is often encountered is to illustrate the behav-
ioral differences of a specific choice theory from the others that have similar rep-
resentations or accommodate the same documented choice behavior. Since choice
regularities, free or universal, provide a plausible syntactic classification of choice
axioms, we are endowed with a natural structure to constrain the choice axioms
for ease of description. Thereof, in the second part of the paper, we propose the
relative identification of choice theories by using axioms that are constrained to be

representable as second order regularities.*°

To illustrate the relative identification method, we consider a specific family of
boundedly rational choice theories. Namely, Rationalization via Game Trees (Xu &
Zhou (2007)), Sequentially Rational Choice with Binary Rationales (Manzini & Mar-
iotti (2007), Apesteguia & Ballester (2013)), Choice with Limited Attention (Masatli-
oglu et al. (2012)), and List-Rational Choice (Yildiz (2016)). First, we find out all
the second order free regularities that each theory satisfies. We observe that these
free regularities can be represented in the form of a set of universal regularities. It
follows that this family of choice theories can be relatively identified via second order

regularities that are both free and universal.

The second order regular choice axioms that account for the simple behavioral

differences might be difficult to infer from the characterization results. For exam-

analyzed extensively. For a comprehensive reference see Cohen & Lefebvre (2005).
Category wise rationality is a restricted version of rationalizability by multiple rationales (Kalai

et al. (2002)). We explore this connection in Section 3.
100ne can question if we can adopt first order regularities for relative identification. Note that any

1-regularity can also be expressed as a 2-regularity. However, boundedly rational choice theories that
accommodate well-documented menu dependencies, such as the attraction effect, compromise effect,

or recency effect, do not satisfy any nontrivial first order regularity.



ple, our weak path independence axiom requires if an alternative a is chosen from a
choice set, and b is chosen when « is removed from the set, then a should be chosen
when compared to b. A choice function that satisfies all the axioms that we propose
in Section 4 but weak path independence can not be consistent with sequentially
rational choice with binary rationales, but it can be consistent with rationalization
via game trees. Put differently, for the comparison between these two theories, if we
restrict ourselves to second order regular axioms, the entire behavioral difference is
captured by weak path independence. Similarly, via our results in Section 4, we aim
to illustrate that relative identification nicely complements the axiomatic characteri-
zations of the choice theories by highlighting the simple behavioral differences that

distinguish each theory from the others.

2 Choice Regularities

Let A be a fixed nonempty finite alternative set with n alternatives. Let ) denote the
collection of all subsets of A with at least two alternatives. Let N stand for the pairs
of nested choice sets, that is N' = {(S;,5;)|5;, S; € Qsuch that S; C S;}. A choice

function is a mapping ¢ : 2 — A such that for each S € Q, ¢(5) € S.

A choice theory 7 is a collection of choice functions. We consider two choice pro-
cedures with possibly different formulations as equivalent if these procedures are
observationally indistinguishable in the revealed preference framework. That is, two
choice procedures rationalize the same set of choice functions. Similarly, we asso-
ciate a choice axiom with the choice functions that satisfy the axiom, and use this

association to explore the structure of a choice axiom.

We introduce few basic concepts from Mathematical Logic to define our regularity
notions as formulas in a properly defined language of propositional calculus.!! Here

we consider a specific language £ with the following alphabet:

" For more on Mathematical Logic one can consult Crossley et al. (2012)



1. Variables: "alternatives” (aq,...,a,), "choice sets” (S, ...S,,), "nested pairs of

choice sets” ((S1,52), ..., (Sk,S1)).

2. Logical connectives: conjunction (A), implication (=-).

3. Quantifiers: the universal quantifier, “for each” (V).

4. Atomic statement (predicate): “a is chosen from S” (a = ¢(.9)).

For a given language, such as £, a formula in this language is constructed from
the atomic statements by using the logical connectives. Let ¢ be a formula in a given
language. A variable v is universal in ¢ if ”Vv” appears in ¢. Otherwise it is said to be
free. A formula is a sentence if it contains no free variables. For the given language

L that is specified above, for each choice function ¢, a first order free regularity (

1-freg) is a formula of the form:
If ap = C(Sl), then a9 = C(SQ)

for some a;,a, € A and S, S, € . Similarly, a k*-order free regularity (k-freg) is

a formula of the form:
If a; = ¢(S1) and as = ¢(Ss) - - - and ay = ¢(Sy), then agy1 = ¢(Ski1)-
for some ay,...,ax 1 € Aand Sy, ... Sk €

For each choice function ¢, a first order universal regularity ( 1-ureg) is a sen-

tence of the language £ which has the following form:
If ap = C(Sl), then a9 = C(SQ)

for each a;,a, € A, and for each 5,5, € Q2 or for each (S;,S;) € N where i,j €
{1,2}. Similarly, a k'"-order universal regularity (k-ureg) ¢ is a sentence of the
language £ such that ¢ is an “if ... then” requirement in which the precedent part
contains k£ many atomic statements and the consequent part contains a single atomic

statement. Since ¢ is required to be a sentence of the language £, all the variables
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that are used in ¢ are universal . Put differently, a £**-order universal regularity is the
universal closure of a k*"-order free regularity, that is obtained by adding a universal

quantifier for every free variable of the k'"-order free regularity.

We use the term regularity when it applies both for a free or universal regularity. A
choice theory 7 satisfies a set of regularities () if each ¢ € 7 satisfies each regularity
q € Q. Now, we are ready to provide the main definitions used to classify the choice

theories based on the structure of the underlying choice axioms.

Definition. Let 7 be a choice theory.

7 is k'"-order free regular (k-fregular) if a collection of k-fregs )/ identifies T,

i.e. a choice function c satisfies each ¢/ € Q' if and only if ¢ € 7.

7 is k'-order universally regular (k-uregular) if a collection of k-uregs Q“

identifies T, i.e. a choice function c satisfies each q € Q" if and only if ¢ € T.

Since each k'"-order universal regularity can be equivalently represented as a
collection of kt"-order free regularities, each k*-order universally regular choice

theory is also k'"-order free regular.

Comments on the choice of the formal language:

We choose the language £ to analyze the syntax of choice axioms. One can con-
sider alternative languages for the same purpose. For example, consider the language
L' obtained by adding “the negation” (—) and “or” (V) to the logical connectives of
L. In this extended language £’ we can additionally write formulas of the form: If
a; = ¢(S7) and ay # ¢(Ss), then ag = ¢(S3) or ay = ¢(S4) for some ay,as,a3,a4 € A
and S, Ss, S3, 54 € §). However, it is straightforward to observe that for each formula
g in L', there is a set of formulas ) in £ such that a choice function c¢ satisfies ¢ if

and only if ¢ satisfies (). Put differently, any choice behavior that can be identified
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in £’ can also be identified in the more primitive language £. This is one reason for

confining ourselves to the language L.

We also allow set operations "union” and ”set difference” to appear within the
formulas we use. Alternatively, one can eliminate these and instead use a richer set
of variables including pairs of alternative-choice set pairs (a,S) such that a € S or

a¢s.

3 First order regular choice theories

Most of the boundedly rational choice theories analyzed in the literature share two
common features. First, these theories nest rational choice. Second, these theories
are neutral, that is, if a choice function belongs to a choice theory, then any choice
function that exhibits the same choice behavior for a relabeling of the alternatives
also belongs to the given choice theory. Next, we formally define the neutrality of a

choice theory.

Definition. Let ¢ be a choice function and w : A — A be a bijection on A, ¢ is the choice
function such that for each S € €, ¢™(S) = w(c(n(S))). A choice theory T is neutral if

for each ¢ € T and bijection m : A — A, we have ¢ € 7.

In Proposition 1, we show that a neutral choice theory that nests rational choice
is 1-fregular if and only if this choice theory is category wise rational. It follows
that rational choice theory is the only neutral choice theory that nests itself, and is
l-uregular. In the rest of this section, we introduce category wise rationality and

present the result.

Definition. A categorization P = {);};c; of Q2 is a collection of families of choice sets

such that

(1) UQiZQ,

el
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(2) for each i € I, Q; is closed under union, i.e. for each S, 5" € ;, SUS’ € ;.

Definition. For a given categorization P = {);},c;, a choice function c is a category
wise rational with respect to P if there is a set of rationales {=;};c; such that for each
SeQandie 1, if S € then ¢(S) = max(S, =;). A choice theory T is category wise
rational if there is a categorization P of ) such that a choice function c¢ € 1 if and only

if ¢ is category wise rational with respect to P.12

Note that category wise rationality spans a rich class of choice theories. For ex-
ample, if we let the categorization P consist of a single category that contains all
the choice sets, then we obtain the rational choice theory. On the other hand, if
we let the categorization P consist of the singleton choice sets, then each choice
function is category wise rational with respect to P. As another example, consider
a decision maker who has two rationales »; and >, and a guiding alternative a.
From each choice set S, the decision maker chooses the =;-maximal alternative if
a € S, and the »,-maximal alternative if a ¢ S. Let Qy(a) = {S € Q:a € S} and
Qo(a) = {S € Q2 : a ¢ S}, this procedure is category wise rational with respect to
P ={Q(a),2(a)}.

Category wise rationality can be thought as a restricted version of rationalizabil-
ity by multiple rationales (Kalai et al. (2002)). A choice function is rationalizable by
multiple rationales if there is a collection of preference relations {>-;},c; such that
for each choice set S, the choice from S is >;-maximal for some ¢ € I. For a given
category P = {Q; }.c, category wise rationality additionally requires for each choice
set that belongs to a particular category ();, the same preference relation ~; be max-
imized. Note also that the primitive of a category wise rational choice theory is a
categorization P, whereas for given P = {Q;}.c;, the primitive of a category wise

rational choice function is a collection of preferences {~;}.c;. Put differently, a given

121t is worth to note that according to the definition of a category, a choice set S might appear under
different categories. If a choice function is category wise rational, then the same alternative should

maximize the rationale associated with each category that contains S.
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categorization P specifies the theory; an additionally given collection of preferences

{*i}ies specifies a choice function that is category wise rational with respect to P.

Proposition 1. Let 7 be a neutral choice theory that nests rational choice theory,

i. 7 is first order free regular if and only if T is category wise rational.

ii. 7 is first order universally regular if and only if T is the rational choice theory.

Proof. See Section 7.1. O

Remark 1. A choice theory can be category wise rational with respect to several cat-
egorizations. Specifically, given a categorization, one can generate another finer cat-
egorization such that each category of the latter is contained in the categories of the
former one. For a given neutral, 1-fregular choice theory that nests rational choice,
the categorizations that we construct in the proof of Proposition 1 are the coarsest
ones, that is, there is no other categorization, consistent with the given choice the-

ory, such that each category of the former is contained in the categories of the latter.

Apesteguia & Ballester (2010) and Demuynck (2010) analyze the computational
complexity of choice functions that are rationalizable by multiple rationales. They
show that, in general, the verification of these theories is NP-complete. That is,
the empirical refutation these models might be extremely difficult.!®> This seems in
contrast with our Proposition 1. However, as we argued in the introduction, we
propose choice regularities as a descriptive measure rather than as a computational
one. The contrast in the results emanates from different objectives underlying the

proposed measures.

13Since, at present, the fastest algorithm to solve any NP-complete problem has exponential worst

time complexity.

13



4 Second order regularities and relative identification

Since choice regularities provide a plausible syntactic classification of choice axioms,
we are endowed with a natural structure to constrain the choice axioms for simplicity
or ease of communication. Thereof, we introduce relative identification that is useful
for the identification of simple behavioral differences that distinguish a choice theory

from the others.

To discipline the complexity a choice axiom, a natural candidate is first order reg-
ularities. However, in the light of Proposition 1, this seems unpromising since several
boundedly rational choice theories that accommodate well-documented menu de-
pendencies, such as attraction effect, compromise effect, or recency effect, do not
satisfy any first order free regularity. Therefore, we adopt the notion of second order
regularities —being inspired by the prehistoric man who counts as: “One, two and
many”.!* As an example of a second order universal regularity, consider the weak

WARP condition (Manzini & Mariotti (2007)).

WWARP: For each a,b € A and for each pair of nested choice sets (51,.5;) € N, if
a is chosen from S, when b is available, and b is chosen from S; when « is available,

then b should be chosen when compared to a. That is,

Va ¥(S1,52) [a = c(S1U{b}) ANb=c(S:U{a}) = b=c(a,b)].

Since WWARP characterizes Rationalization (Cherepanov et al. (2013)) and Catego-
rize then Choose (Manzini & Mariotti (2012)), both theories are 2-uregular. Ratio-
nal Shortlist Method (Manzini & Mariotti (2007)) is also 2-uregular, since WWARP
conjoint with the expansion axiom, which is also representable as second order reg-
ularities, characterize this choice theory. However, as it will follow from Proposition
2, there are several plausible choice theories that fail to be 2-regular. This motivates

the idea of relative identification instead of full identification. Next, we introduce

4For example see Dixon & Blake (1983)
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the formal definition of relative identification via second order regularities (free or
universal). First, recall that a choice theory 7 satisfies a set of regularities () if each

¢ € 71 satisfies each regularity g € Q.

Definition. Let 7; and 7; be two distinct choice theories, a set of 2-regularities ();; iden-
tifies 7, relative to 7; if 7; satisfies );;, but 7; fails to satisfy Q;;. Let F = {11, 72, ..., 7}
be a family of choice theories, a collection of 2-regularities Q relatively identifies F if

for each distinct i,j € {1, ..., k}, there exists ();; C () that identifies 7; relative to ;.

4.1 A relative identification exercise

To motivate our relative identification exercise, consider a decision maker and an
outside observer with a family of choice theories in mind that may be consistent with
the observed choices of the decision maker. The observer’s problem is to identify the
theories that are consistent with the choices of the decision maker. If for each pair of
the theories, there is a set of simple axioms that one of the theories satisfies but the
other does not, then instead of going through the characterization axioms of each
theory, the observer can eliminate some of the theories by falsifying these simpler
axioms. We consider a specific family of boundedly rational choice theories for our

relative identification exercise. Next, we briefly describe each theory in this family.

Rationalizability by Game Trees (RGT) (Xu & Zhou (2007)) The primitive of this
choice procedure is an extensive form game G. Each player has a preference relation
=; over the outcomes of the game.’® Each alternative appears as an end node of
the associated game tree only once. For each choice set S, consider the reduced
game G|S derived from G by retaining the paths that only lead to the terminal nodes
having outcomes in S. The decision maker chooses from each choice set S, the

subgame perfect Nash equilibrium outcome of the game G|S.

15From a decision theoretic perspective each player can be interpreted as a different self of the same

decision maker, concentrating on the different aspects of the alternatives.
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Choice with Limited Attention (CLA) (Masatlioglu et al. (2012)) This choice pro-
cedure has two primitives an attention filter I' and a welfare preference . From
each choice set S, a decision maker first commits to the alternatives in I'(.S) and then

chooses the >~-best alternative among these, where I" is such that for each choice set

Sand z ¢ I(S), [(S\ 2) = [(S).16

Sequential rationalizability by binary rationales (SRC) (Manzini & Mariotti
(2007), Apesteguia & Ballester (2013)): The primitive of this procedure is a set
of binary rationales such that each rationale compares only a pair of alternatives.
The decision maker removes inferior alternatives by sequentially applying this set of

binary rationales according to a fixed order.

List-Rationalizable Choice (LRC) (Yildiz (2016)): LRC procedure has two primi-
tives; an ordering of the alternatives, namely a list, and a complete and asymmetric
binary relation used to compare pairs of alternatives. A list rational decision maker
chooses from a choice set as follows. First, he orders the alternatives according to the
list. Then, by using the binary relation, he compares the first and second alternatives
in the list and records the winner to be compared to the next alternative. This process
of carrying the current winner to the next round continues until the last alternative in
the list is compared to the winner from the previous round. Winner of the last round
is the alternative chosen from the entire set. A list rational decision maker uses the
same non-observable list and the same binary relation to make a choice from each

choice set.

4.2 Axioms and the result

Next, we introduce a set of axioms each of which is a universal second order reg-
ularity. We believe that these axioms are not only simple to verify, but also might

be normatively appealing. From computational point of view, which is not our main

16 Salant & Rubinstein (2008) present a choice procedure that has similar features in Section 5.
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concern in here, only WPI and NDC are pertaining to choice sets with more than

three alternatives; other axioms use only triplets and binary sets.

Weak Path Independence (WPI): For each a,b € Aand S € (), if a is chosen from
S and b is chosen from S after a is removed from S, then a is chosen when compared
to b. That is,
VaVb VS [a=c(S)ANb=c(S\{a}) = a=c(a,b)].

No Dominated Choice (NDC): For each a,b,c € A and S € Q, if a is chosen
between a, b, c and b is chosen from S when « is also available, then « is chosen when

compared to b. That is,

VYa Vb Ve VS [a=c(a,b,c) Nb=c(SU{a}) = a=c(a,c)].

Independence of the Competing Alternatives (ICA): For each a,b € A and
nested choice sets (S, 5;) € N, if a is chosen from S; when b is available and b is
chosen from S; when « is available, then « is also chosen from \S; when b is removed.

That is,
Va Vb ¥(S1,Ss) [a =c(S;U{b}) ANb=c(SyU{a}) = a=c(S\{b})]
Binary Expansion (BE): For each a, b, c € A, if a is chosen in a binary comparison
with b and ¢, then « is chosen from the triplet {a, b, c}. That is,
Va Vb Ve [a = c(a,b) AN a=c(a,c) = a=c(a,b,c).
Path Existence (PE): For each a,b,c € A, if a is chosen from the triplet {a,b, ¢}
and b is chosen when compared to a, then c¢ is chosen when compared b. That is,
Va Vb Ve [a = c(a,b,c) Nb= c(a,b) = c = c(b,c)].

In Proposition 2, we focus on the aforementioned choice theories and find out

all the second order free regularities that each theory satisfies. We observe that
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these free regularities can be represented in the form of one of the above universal
regularities. It follows that this family of choice theories can be relatively identified

via second order regularities that are both free and universal.

Proposition 2. Let F consist of the following boundedly rational choice theories: Ra-
tionalization via Game Trees, Revealed Attention, Sequentially Rational Choice, and List
Rational Choice. Let () consist of all the second order free regularities in the form of

WPI, NDC, ICA, BE or PE.

i. Foreach T € F, if q is a second order free regularity that T satisfies, then q € Q.

ii. Following table shows the second order universal regularities that each theory

satisfies; it follows that () relatively identifies F.

WPI | NDC | ICA | BE or PE
RGT | v v X v
SRC | x v X v
CLA | X X X X
LRC | v v v v
Proof. See Section 7.2. O

One can check that for each choice theory in our family, there is a choice function
that does not belong to the theory although it satisfies all the second order regular-
ities that the theory satisfies. Therefore, none of these choice theories is 2-regular.
Since this is the exhaustive list of the second order regularities that these theories
might satisfy, any other behavioral difference among these theories can only be rep-
resented as a third or a higher order of regularity, which we find rather difficult to

interpret.

In line with the motivation for relative identification, an outsider who observes

the choices of a decision maker can use the second order regularities to eliminate the
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theories that can not be consistent with the observed choice behavior. For example, a
choice function that satisfies all the axioms but weak path independence can not be
consistent with SRC, but it can be consistent with RGT. Similarly, a choice function
that satisfies all the axioms but the independence of the competing alternatives, can
not be consistent with RGT, but it can be consistent with LRC. Put differently, for the
comparison between SRC and RGT, if we restrict ourselves to second order regular
axioms, entire behavioral difference is captured by weak path independence; for a
similar comparison between RGT and LRC, entire behavioral difference is captured
by the independence of the competing alternatives. If we compare SRC and LRC, we
observe that SRC fails to satisfy weak path independence and the independence of
the competing alternatives, although LRC satisfies both. Among the theories in this
family, CLA is the most permissive one in terms of the second order regularities it

satisfies, since there is no second order regularity that CLA satisfies.

5 Relation to the literature

To our knowledge, this paper is the first attempt to investigate boundedly rational
choice theories based on the structure of the choice axioms that these theories sat-
isfy. On the other hand, several studies in the literature analyze the computational
complexity of decision-making. For an incomplete list, in an early paper, Futia (1977)
analyzes different heuristics in terms of computational resources such as time and at-
tention, and argues that heuristics perform better than rational choice. More recently;,
Johnson (2006) uses a semiautomaton model to investigate the computational com-
plexity of choice theories, and argues that the rational choice theory is not favored
by these considerations. In the context of choice from the lists,!” Salant (2011)
considers automata implementing choice procedures, and measures complexity of a

given choice procedure by the minimal number of states required for implementing

17In this context, the decision maker can choose different alternatives from the same choice set

depending on the order according to which he encounters the set of alternatives.
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it. Salant (2011) shows that satisficing procedures (Simon (1955)) are simpler than
the rational choice procedures.'® Mandler (2015) measures the computational bur-
den of a choice theory by the minimum number of criteria needed to recover the
choice behavior when applied sequentially. He shows that rational choice theory can

be recovered by using the minimum number of criteria.

As for the difference between our study and the bulk of research based on compu-
tational complexity, mainly, we propose choice regularities to analyze the syntactic
structure of a choice axiom, which is a fundamentally different question. To see
this better, note that the computational complexity of a choice theory is a unique
number or class that is independent of the different axiomatizations of the choice
theory. Therefore, while computational complexity is silent in classifying choice ax-

ioms, choice regularities allows for such classifications.

A branch of computational complexity theory and of finite model theory, namely, de-
scriptive complexity theory, which connects logic and complexity, also seems relevant
to our study. Descriptive complexity theory investigates the relationship between the
computational complexity of a certain problem and the logical language necessary
to characterize this problem.!® It turns out that, in some cases, it is possible to char-
acterize complexity classes (such as NP) in terms of the logical languages, where
there is no notion of machine, computation, or time.?° Similarly, one can question
if a choice theory being k'"-order regular has any implications for its computational
complexity. There seems to be no direct answer following from the results in de-
scriptional complexity, in that, these results associate the complexity classes with the

languages, whereas a choice regularity is a formula in the specific language that we

18 Qur analysis is in the classical revealed preference framework in which agents choose from the
choice sets. To highlight the contrast, if we map the satisficing procedures to the revealed preference
framework, by augmenting the list that a decision maker follows as a primitive of the choice procedure,
then the choice functions that are representable as a satisficing procedure are precisely the rational

choice functions.
19See Immerman (2012) for an excellent survey.
20For example Fagin’s Theorem (Fagin (1993)).
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introduced in Section 2.

In another related study, Chambers et al. (2014) use tools from propositional cal-
culus and model theory to analyze the so called empirical content of a choice theory,
which is defined to be the theory that nests the given theory such that any data set
that falsifies the former theory also falsifies the latter. They show that the empirical
content of a choice theory is described by certain kinds of axioms, and provide a
syntactic characterization of these axioms. Here, we propose a classification of the
choice theories depending on the syntax of the choice axioms that characterize a

choice theory.

The notion of choice regularities is most similar to the notion of d-implications in-
troduced by Glazer & Rubinstein (2014) in the context of principal-agent problems.
They study a model in which the agent is boundedly rational in his ability to under-
stand the principal’s decision rule. It is assumed that an agent of rank d can detect
certain types of regularities, formulated in the form of d-implications. An agent of
rank d can recognize d-implications, propositions of the form ¢, — 15 such that the
antecedent ¢, is a conjunction of at most d atomic statements, each of which is an
answer to a binary question. Glazer & Rubinstein (2014) show that for each agent
of rank d, there is a sufficiently complex questionnaire that almost eliminates the

probability that the agent will succeed in cheating.

6 Concluding remarks

In this study, we aim to to demonstrate that structure of a choice axiom can be an-
alyzed fruitfully in formal terms, which we hope to open up interesting research
directions for axiomatic studies. We propose choice regularities, from among other
plausible formalizations, to analyze the structure of a choice axiom. We think of
the contribution in two parts. First, we characterize boundedly rational choice the-

ories rendering axiomatic characterizations that are as simple as WARP. Second, we
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propose and illustrate a method to identify the simple behavioral axioms that distin-
guish a choice theory in a given family of choice theories. As we demonstrate in the
second part of the paper, obtained choice axioms that account for these behavioral
differences might be difficult to infer from the axiomatic characterizations directly.
Therefore, a relative identification exercise nicely complements the axiomatic char-
acterizations of the choice theories. We believe that similar relative identification
exercises for different choice theories would contribute to our understanding of the
behavioral differences among different boundedly rational choice theories. We hope
that researchers would find choice regularities useful in identification of the simple
behavioral properties of a choice theory or to check the robustness of their axiomatic

results.

7 Proofs

7.1 Proof of Proposition 1

Before proceeding to the proof of Proposition 1, we make two useful observations.
First, let us start with a notational convention. Let ¢ be a 1-freg, which requires: If
a = ¢(Sy), then b = ¢(S;) for some S;,S5; € Q,a € S;and b € S,. If S, C S; and
a = b, then ¢ is said to be in the form of WARP, and denoted by ¢(.5, S, a).

Lemma 1. Let 7 be any choice theory that nests rational choice. If T satisfies a 1-freg q,

then ¢ must be in the form of WARP.

Proof. Let 7 be any choice theory that nests rational choice. Consider any 1-freg ¢
that 7 satisfies. Now, ¢ requires: If a = ¢(5;), then b = ¢(S;) for some a,b € A and

S1, 5, € Q.
Step 1: We show that one must have S, C S;. Suppose not, i.e. S \ S; # 0.

Case 1: Suppose a = b. Next, we show that there is a rational choice function
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that fails to satisfy ¢. Let d € S, \ 51, and consider a choice function ¢ rationalized
by a preference relation such that d is first-ranked and « is second-ranked. Note that

c(S1) = a, but ¢(S2) = d.

Case 2: Suppose a # b, then consider a choice function ¢ rationalized by a prefer-
ence relation such that « is first ranked and b is bottom ranked. Note that ¢(5;) = a,
but ¢(S2) # b since there is at least one other alternative in S, that is preferred to b.

It follows that we must have S, C S at g.

Step 2: Now, we must have a« = b, otherwise any rational choice function that

chooses a from S; would not satisfy q. O

Lemma 2. Let 7 be a neutral choice theory. If T satisfies a 1-freg q(S1, S2, a) for some
S1,Se € Q such that Sy C Sy and a € Sy, then for each x € S, T satisfies q(S1, So, x).

Proof. Let S1,S; € Q such that S, € S; and a € S;. Let 7 be a neutral choice theory
that satisfies ¢(.51, Sz, a). By contradiction, suppose that there exists z € S, \ {a} such
that 7 fails to satisfy ¢(5, S2, ). That means there exists ¢ € 7 such that ¢(S5;) = z,
but ¢(S2) # x. Now, consider 7 : A — A such that 7(a) = z, 7(z) = a and for each
y € A\ {z,a}, n(y) = y. Since 7 is a neutral choice theory and ¢ € 7, we have ¢ € 7.

However, a = ¢™(.5;), but a # ¢™(S;) contradicting that 7 satisfies ¢(.S1, Se, a). O

Now we are ready to proceed to the proof of our Proposition 1. It directly follows
from Lemma 1 and the definition of being universally regular that item i holds. In

what follows we prove item .

(If part:) Let T be a category wise rational choice theory, where P = {Q;}ic;.
Let () be the collection of all such 1-fregs ¢(Si,S2,a) such that there exists i € I,
S1,S, € Q, with Sy C Sy, and a € S;. Let 79 be the set of choice functions identified
by Q. Now we argue that a choice function ¢ € 7 if and only if ¢ € 7. To see that
T C 79, we show that each ¢ € 7 satisfies each ¢ € Q). Let ¢ € 7 and ¢ € (), first note

that ¢ is in the form of ¢(S, 52, a), where there exists i € I with 51,55 € ;. Since
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c is category wise rational, there exists a preference relation >, such that for each

S €y, ¢(S) = max(S, ;). It directly follows that ¢ satisfies g.

To see that 7¢ C 7, let ¢ be a choice function that satisfies each ¢ € Q. Now, for
each i € I, consider (2;. Next, we construct a preference relation >; such that for
each S € Q;, ¢(S) = max(S, =;). Let X; be the maximal set in 2; with respect to set-
containment, since (2, is closed under union, X; uniquely exists. Let z; = ¢(S;). Next
consider the maximal set X, € ); such that x; ¢ X,. Since 2, is closed under union,
X, uniquely exists. Let o = ¢(X3), and by proceeding similarly define {z; ...z},
where X,, = {z,,}. Now, for each z;,z; € Xi, z; =, z;, if and only if j < k. Now,
for each S € X;, let ; = max(S, ;) and consider the set X;. Since S C X, and ¢
satisfies the ¢(X;, S, x;), which requires if z; = ¢(X;) then z; = ¢(S), we conclude

that z; = ¢(S). Thus, we obtain 7% C 7.

(Only if part:) Let 7 be a neutral 1-fregular choice theory that nests rational
choice. Consider any 1-freg ¢ that 7 satisfies, it follows from our Lemma 1 that ¢
must be in the form of WARP, i.e. ¢ requires: if a = ¢(5;), then a = ¢(S;) for some

Sl,SQ € Q) with SQ C Sl, and a € Sl.

Let (Q be the set of all 1-fregs that 7 satisfies. Next, define the binary relation >
on (2 such that for each 5,5 € Q, S 5" if and only if there exists x € S such that
q(S,S’,x) € Q. Note that for each 5,5 € Q to have S > S’ we must have S’ C S.
It follows that R is acyclic since set containment is an acyclic binary relation. To
see that > is transitive, consider S, Ss, S3 € €2 such that S; > Sy and S, > S3. Since
Sy > S3, there exists a € S3 such that ¢(5;, S5,a) € Q. Since S; > S, there exists
b € S, such that ¢(S;, 5,b) € Q. Now, since 7 is neutral, it follows from Lemma
2 that ¢(54, S2,a) € Q. Since ¢(S1, S2,a),q(S2, S3,a) € @, we have ¢(S1, S3,a) € Q.
It follows that S; > S3. Since > is a transitive binary relation on (2, it follows from
Dilworth’s Theorem (Dilworth (1950)) that we can decompose (2 into a set of chains
{Q;}ier such that for each i € I and S, 5" € ;, we have either S 5" or S’ > S. Now,

note that by construction we have U;¢;2; = Q). Since for each i € I, ); is >-complete,
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(2; is closed under union. It follows that P* = {2,},c; forms a categorization for (2.

Next, we show that each ¢ € 7 is category wise rational with respect to P*. Let
¢ € 7 and for each i € I, let Q; = {X;1,... Xy} such that X;; > X - - > X5, given
that ); contains at least two choice sets. Next, suppose that x;; = ¢(X;;), where X;;
is the maximal set in €);. Let =" be a preference relation that top ranks z;;. Next, we
argue that for each choice set X € ), ¢(X) = z;;. To see this first note that X;; > Xo
means that for some = € X;1, q¢(X;1, Xio,z) € Q. Since 7 is neutral, it follows from
Lemma 2 that ¢(X;1, X2, z1) € Q. Therefore, we have z;; = ¢(X;3). By proceeding
similarly we obtain that for each X € €, ¢(X) = maz(X, =) = z;;. It follows that

¢ is category wise rational with respect to P*.

7.2 Proof of Proposition 2

It follows from Yildiz (2016) that list-rational choice theory is nested by all the other
three theories we consider. Note that if a 2-freg is satisfied by any of these theories,
then it must also be satisfied by list-rational choice theory which is nested by all the
others. Therefore, first we find out all the 2-fregs satisfied by list-rational choice
theory, denoted by 7/%¢. Consider any 2-freg ¢ satisfied by 725 If a = ¢(S;) and

b = ¢(S2), then ¢ = ¢(S3) for some a, b, c € A, and distinct Sy, Sy, S5 € Q.

Lemma 3. If a = b, then g is in the form of BE, i.e. we have S; = {a,b}, Sy =
{a,c}, S5 ={a,b,c} for some c € A\ {a,b}.

Proof. First we show it is impossible to have a = b # c. Suppose not, then consider
the following list rational, ¢: ¢ < .... < a. Since for each x € S; U S, U S3, we have
r < a, we obtain a = ¢(5;) = ¢(S2). But since S; contains an alternative other than

¢, that one eliminates ¢, so we have ¢ # ¢(53).

Next, we show that it is possible to have a = b = ¢, only if ¢ is in the form of BE. We

first show that S3 C S; U S,. Suppose there is = € S5\ (S; U S,), then consider the list
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rational ¢ : ...a < z. For any choice of S}, 55, S3 € 2, we have a = ¢(51) = ¢(S2), but

C % C(Sg).

Second, we show that S3 \ S; # () and S5 \ S, # (. Suppose S3 C S; N Sy. Let
r €S\ Ssy€ 5 \Ss and z € S3\ {a}. Since S # S,, we can assume that = # y.
Now, consider the list rational ¢ : .2 < y < x < a,and also z > a, a >y, © > z.
Note that in S; or S5, z can eliminate a. However, x eliminates z in Sy, y eliminates
z in S,. Hence, we have a = ¢(S7) = ¢(5). But, since z,y ¢ Ss, z is compared to a in

the final round and eliminates a. So, we have a # ¢(S3).

Now, we know that there is ¢ € S3 \ S; and b € S35\ Sy, such that b # ¢, b € S5,
¢ € Sy. Finally we show that S; U Sy C {a,b,c}. Suppose there is z € S, \ {a,b, c}.
Next, consider the list rational ¢ : ... 2 < ¢ < b < a,and also z > b, a > 2z, a > c.
Since ¢ ¢ S; and z > b, z is compared to « in the final round and we have a = ¢(5)).
Since b ¢ S, and ¢ eliminates z, ¢ is compared to a in the final round and we have
a = ¢(Ss). But, since b, ¢ € Ss, ¢ eliminates z, b eliminates ¢ and then eliminates a in

the final round. Hence, we have b = ¢(S;).

Since S3 C Sy U Sy C {a,b,c} and a,b,c € S3, we have S5 = {a,b,c}, S; = {a,b} and
Sy = {a, c}. It follows that ¢ is in the form of BE. O

LRC which requires:

For the next three lemmas consider any 2-freg ¢’ satisfied by 7
if a = ¢(S;) and b = ¢(S2), then a = ¢(S;) for some distinct a,b € A and distinct

Sl, SQ, 53 e .

Lemma 4. We have b € S;.

Proof. Suppose b ¢ S;. As in the previous case first suppose there is x € S3 \ 57, and
let us pretend as if + # a and consider the ¢ : ..b > a < x and b > x. Note that
irrespective of = = b or not, we have a = ¢(5;) and b = ¢(55), but since = eliminates a
in S3, a # ¢(S3). So, there is y € S\ S3. Now, let z € S5\ {a}. If z = b, then consider

c:..y<a<b andalso b > y. If z # b, then consider ¢ : ... < y < a < b, and also
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z > a, b > {y,z}. In both cases we have a = ¢(5;) and b = ¢(5,), but since b and =

respectively eliminates a in S3, a # ¢(S3). O

Lemma 5. We have S; C 5.

Proof. Suppose not, i.e. there exists y € S3 \ S;. Since b € Sy, y # b. First suppose
S1\ Sy # 0, and let z € Sy \ Ss. If © # a, then consider the list rational ¢: ... b <
r < a<vy,and b > {a,y}. Since z € S, = eliminates b, and compared to « in the
final round, so we have a = ¢(S;). Since = ¢ S,, and b eliminates a and y, we have

b = ¢(S,). But since y eliminates a, we have a # ¢(S3).

If x = a, then consider the list rational ¢: ... b < a < y, and b > y. Since y ¢ S,
we have a = ¢(S;). Since a ¢ S,, and b eliminates y, we have b = ¢(S2). But since y

eliminates a, we have a # ¢(S3).

Next, suppose Sy \ S; # (), and let z € S5 \ S;. Now, consider the list rational c:
..a<z<b>y,and also a > b, y > a. Since z,y ¢ S;, we have a = ¢(5)). Since z
eliminates a in S,, and b eliminates =z and y, we have b = ¢(S2). But since y eliminates

a, we have a # ¢(S3). O

Lemma 6. If ¢’ is not in the form of NDC or ICA, then we have Sy C 5.

Proof. Suppose ¢ is not in the form of NDC or ICA but there exists x € S, \ S;. By
Lemma 4, we have b € S1, so = # b. Since, by Lemma 3, S; C S; and S; # Ss, there

isy € 51\ Ss. Since x ¢ S;, we have = # y.

A. Suppose there is ¢ € S5 with ¢ & {a,b}. Since S; C S; and = ¢ S, we have ¢ # z.
Since y ¢ S3, ¢ # y either. Now, we are left with two possibilities. If y # b, then

a,b, z,y, c are all distinct. If we must have y = b, then it follows that S; = S5 U {b}.

Al. Suppose y # b, so a, b, x,y,c are all distinct. Now, consider the list rational c:
.c<y<a<uz<b,alsoc>a, a>0b,and {z,b} > {c,y}. Since y € S}, y eliminates

c. For ¢(S)), since x ¢ S}, a eliminates b, and we have a = ¢(S;). For ¢(5,), note that
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x is compared to b in the final round, so we have b = ¢(S;). For ¢(S3), since y ¢ Ss, ¢

always eliminates a.

A2. Now, suppose S; = S5 U {b}. First, suppose that S5 = {a,c}. Then S, = {a,b, c}.
Since ¢’ is not in the form of NDC, we have a ¢ S,. Now, consider the list rational c:

...c < b < a, and also ¢ > a. We have a = ¢(.S;) and b = ¢(.S2), but since ¢ eliminates

a, a # ¢(S3).

Second, suppose that there is z € S5\ {a,c}. Since S;3 C Sy and = ¢ Sy, z # =.
Since b ¢ S5, z # b. So, we know that a,b, ¢, x, z are all distinct. Moreover, we
have S; = S; \ {b}. Since ¢ is not in the form of ICA, there must be w € S; \ Ss.
Now, there are two possibilities w = a or w # a. First suppose w = a and consider
d:.c<xz<b<a, alsoc>{aw} and {x,b} > c. For ¢(S), b eliminates c, a

eliminates b, and we get a = ¢(S;). For ¢(S:), « eliminates ¢, b eliminates z. Since

a ¢ Sy, we have b = ¢(S;). For ¢(S3), since z,b ¢ S3 and ¢ eliminates a, a # ¢(S3).

Next, suppose w # a. Now we might have w € Ss, but either w # ¢ or w # 2. Assume
w.l.o.g. that w # ¢ and consider ¢: ..c <z < b < w < a, also ¢ > {a,w} b > a, and
{z,b} > c. For ¢(5;), b eliminates ¢, w eliminates b, and we get a = ¢(5). For ¢(.S2),
eliminates ¢, b eliminates x and a. Since w ¢ S,, we have b = ¢(S,). For ¢(S3), since

z,b ¢ S3 and c eliminates w and a, a # ¢(S3).

B. Suppose S; = {a,b}. Since we assume that S; = {a,b} and = ¢ S;, we have
y & {a,b,z}. So, we know that a, b, z, y are all distinct. Now, consider the list rational
¢ ..y <x<b>a,andalsoy > b, a > y. For ¢(S;), y eliminates b and compared
to a in the final round. Since a eliminates y, we have a = ¢(S;). For ¢(S,), since
x eliminates y and b eliminates = and a, we have b = ¢(S;). But for ¢(S3), since b

eliminates a, a # ¢(S3). O

Now, let us consider any 2-freg satisfied by 7%¢. We focus on two cases separately
First we consider the case where at least one of S, .55, S3 contains more than three

alternatives.
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Lemma 7. For each 2-freg q satisfied by 715, if at least one of S, Ss, S5 contains more

than three alternatives, then q is in the form of WPI, NDC or ICA.

Proof. Consider any 2-freg ¢ that requires: if a = ¢(S;) and b = ¢(S2), then ¢ =
c(S3) for some a,b,c € A and distinct Sy, 55,53 €  where at least one of them
contains more three alternatives. Since at least one of the sets contains more three
alternatives, ¢ is not BE. It follows from Lemma 3 that a # b. In the rest of the proof

we show that if ¢ is not in the form of NDC or ICA, then ¢ must be in the form of WPI.

Step 1: We show that ¢ € {a,b}. Suppose this is not true. Since S; # S,, assume

w.l.o.g. that S; \ Sy # (). Now, there are two possibilities:

A. Suppose there is = € 5; \ S, such that © # ¢. Now, there are two possibilities:
T =aorxz # a If v = a, then consider ¢ : ..c < b < a. If z # a, then consider

d:..c<b<ux<a,andalso a > z, b > a. Note that in both cases we have a = ¢(S))

and b = ¢(Sy) = b, but ¢ # ¢(S3).

B. Suppose S; \ Sy = {c}. Since for some i € {1,2,3}, S; has more than three

alternatives, there exists d € S; such that d & {a, b, c}.

B1. Suppose d € Ss. Then, consider ¢ : ...c > b > d < a, also a > ¢, and b > a.
Regardless of which other choice set might also contain d, and whether b € S; or
not: For ¢(S}), first ¢ eliminates b, then a eliminates ¢ and d, so we have a = ¢(5}).
For ¢(S;), since ¢ ¢ S, b eliminates d and a, so we have b = ¢(55). For ¢(S3), since d

eliminates ¢, ¢ # ¢(S3).
B2. Suppose there is no such d € S3, but d € S,. It follows that S5 C {a,b,c}

i. If d ¢ Sy, then consider ¢! : ...a < d < b, and a > b. For ¢(S}), since d ¢ S; and
a eliminates b, we have a = ¢(S5;). For ¢(S,), first d eliminates a, then b eliminates d

and we have b = ¢(.S2). For ¢(S3), since S35 C {a,b,c} and both a and b eliminate c,

¢ # c(S3).
ii. If d € S, then consider ¢: ..d < c<a>balso d>a, b>cand b > d For
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c(S), since ¢ € 54, first c eliminates d, then a eliminates ¢ and possibly b, so we have
a = ¢(51). For ¢(S,), since ¢ € S, and d € S, first d eliminates a, then b eliminates

d, so we have b = ¢(S,). For ¢(S;), since S3 C {a,b,c} and both a and b eliminate c,

¢ # ¢(S3).

B3. Suppose there is no such d € S3 U S;, but d € S;. It It follows that S, U S5 C
{a,b,c} Now consider ¢ : ..b < d < a, and b > a. For ¢(S;), since d € S, first d
eliminates b, then a eliminates d, and we get ¢(S;) = a. For ¢(S;), since d ¢ Sy, b
eliminates a, and we get ¢(S2) = b. For ¢(S3), since S3 C {a,b,c} and both a and b

eliminate ¢, ¢ # ¢(S3).

Finally, we can conclude that ¢ € {a, b}. For the rest assume w.l.o.g. that ¢ = a, where

a = c(5).

Step 2: Since ¢ is not in the form of NDC or ICA, it follows from Lemma 5 and Lemma

6 that SQ U Sg C Sl.

Step 3: We show that S5 = {a,b}. Suppose not, i.e. there is ¢ € S5\ {a,b}. By the

previous step, we know that S, C S; and S5 C 5.

A. Suppose there is x € Sy \ (52 U S3), so x # c¢. Since b = ¢(S3) and a = ¢(53),
x ¢ {a,b} either. It follows that a, b, ¢, z are all distinct. Now, consider ¢ : ...b < z >
¢ >a,also b > {c,a} and a > x. For ¢(5;), since x € Sy, first = eliminates b and c,
then a eliminates x, and we get a = ¢(51). For ¢(S,), since = ¢ S,, b eliminates a and

¢, and we get b = ¢(.S2). But, for ¢(S;) since x ¢ S, and both b and ¢ eliminate a, we

get a # ¢(S3).

B. Suppose S; = Sy U S;. Let z € S;\ Ss and y € S; \ S3. We know that = # y,
x € Sz and y € S,. It follows that z # b and y ¢ {a, c}. Moreover since S; must have

at least four elements we can not both have x = a and y = b.

i. Suppose that v = a but y # b, and consider ¢! : ..c <y > b < aand ¢ > a. For

c(S1), first y eliminates ¢ and b, then a eliminates y and we get a = ¢(S;). For ¢(S3),
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since y € Sy and a & S5, first y eliminates the rest, then b eliminates y and we get

b = ¢(S,). But, for ¢(S3) since c eliminates b and a, we get a # ¢(S3).

ii. Suppose that x # a but y = b, and consider ¢' : ...c < b < x < a, also ¢ > {a,z},
and b > a For ¢(S;), we clearly have a = ¢(S;). For ¢(S;), since z ¢ S, and b
eliminates c and a, and we have b = ¢(5,). But, For ¢(S3) since b ¢ S3 and ¢ eliminates

both z and a, we have a # ¢(S;).

iii. Finally suppose both = # a and y # b, and consider ¢! : ...c <y > b < x < a, also
¢>a, c>x, b>a,and c > b. For ¢(S7), note that x is the alternative compared to a
in the last round. Since a eliminates x, we have a = ¢(.S;). For ¢(5,), first y eliminates
¢ and b eliminates y, then since = ¢ S,, b eliminates a and we get b = ¢(S,). But, for

c(Ss) since y ¢ S5 and ¢ eliminates a, b and z, we have a # ¢(S3).

Step 4: We show that S, = S; \ {a}. We already know that S, C S;. Suppose there
is x € 51\ S, such that x # a. Consider ¢! : ...b < # < a and b > a. We clearly have
a = ¢(S1), b= ¢(Ss). For ¢(S3), since by Step 3 S; = {a, b}, b eliminates a and we get
a # ¢(S3). It follows that S; = S, U {a}. Since S; # S,, we have Sy = S; \ {a}. O

Lemma 8. For each 2-freg q satisfied by 7%, if S|, S, and Ss contains at most three
alternatives, then ¢ must be in the form of WPI , NDC, PE or BE.

Proof. First suppose that a = b. It follows from Lemma 3 that ¢ is in the form of BE.
Next, let us consider any 2-freg, ¢ where a # b. Now, suppose ¢ € {a,b}. Assume
w.l.o.g. that ¢ = a. By Lemma 4, we have S, U S3 C S;. Since S; contains at most
three alternatives, we have S; = {a,b,c} for some ¢ € A\ {a,b}. Moreover, since
S1, Se, S5 are distinct, there are two possibilities, either S; = {a, b} and S3 = {a, c} or
Sy = {b,c} and S3 = {a, b}. For the first possibility, we obtain a 2-freg in the form of

NDC, for the second we obtain a 2-freg in the form of PE.

Next, suppose ¢ ¢ {a,b}. We show that ¢ must be in the form of PE. We first show
that a € S,. Suppose not, then consider the list rational ¢: ¢ < ... < b < a, a > c.

Clearly we have a = ¢(S;). Since, a ¢ Sy, we have b = ¢(S5;). But since each
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alternative can eliminate ¢, ¢ # ¢(S;3). Next, we show that b € S;. Suppose not,
then consider the choice function above with b > «. Similarly, we obtain the desired

contradiction.

Next, we show that either S; C S5 or Sy C S;. Suppose not, and let z € S; \ S3 and
y € S\ 5. Since each set has at most three alternatives, we have S; = {a,b, z} and
Sy = {a,b,y}. If ¢ # x, then consider the list rational c: ¢ < ... <b < x < a, b > a.
If ¢ = z, then consider the list rational ¢ : ¢ < ... < a <y < b, a > b. By similar

reasoning, we have a = ¢(S1) and b = ¢(S;), but ¢ # ¢(55).

Assume w.l.o.g. that Sy C S;. It follows that there is = € S; \ {a, b}. Next, we show
that = c¢. Suppose not, then consider the list rational c: ¢ < ... < b <z < a, b > a.

Once more we get a contradiction. Hence, we obtain S; = {a, b, c} and S, = {a, b}

Finally, we show that S; C S;. Suppose not and let z € S3 \ S;. Then consider the
list rational ¢ : ..x < b < ¢ < a, b > a, x > c. Once more we get a contradiction.
Hence, we obtain S3 C {a,b,c}. Now, we can have S5 = {a,c} or S5 = {b, c}. If the
former holds then ¢ contradicts NDC. It follows that S3 = {b, ¢} and ¢ is in the form
of PE. N

Now we are ready to proceed to the proof of Proposition 2.

i. Consider any 2-freg ¢ satisfied by 7/%¢ that requires: If a = ¢(S;) and b = ¢(.S,),
then ¢ = ¢(S3) for some a,b,c € A, and distinct Sy, Sy, S3 € . First suppose that
at least one of S;, S», S3 contains more than three alternatives, then, it follows from
Lemma 6 that ¢ is in the form of WPI, NDC or ICA. Next suppose each of S}, S, and
S3 contains at most three alternatives, then it follows from Lemma 8 that ¢ is in the

form of WPI, NDC, PE or BE.

ii. We leave this part to the reader since it is straightforward to verify that each
theory satisfies or violates the corresponding axioms indicated in the table. Since for

each pair of theories, there is at least one axiom that is satisfied by one of the theories
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and not by the other, we obtain relative identification via second order regularities

for this family of choice theories.
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